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It is established that, in steady circulation-preserving hydrodynamic motions
with velocity q = qt subject to either of the geometric constraints t · curl t = 0 or
div t = 0, the geodesic unit tangent t-ﬁeld is constrained by privileged Heisenberg
spin-type equations. In the case div t = 0, remarkably, the integrable Heisenberg
spin equation related to the solitonic nonlinear Schro¨dinger equation is obtained.
Corresponding results hold “mutatis mutandis” in magneto-hydrostatics. © 2000
Academic Press
1. INTRODUCTION
In response to a conjecture in classical hydrodynamics of Earnshaw [1],
Marris [2] established that, for a steady circulation-preserving hydrody-
namic motion to be complex-lamellar in a neighbourhood, the streamlines
must be geodesics on the Lamb surfaces. In the same context, Yih [3] had
earlier shown a necessary condition for Earnshaw’s conjecture on the per-
sistance of complex-lamellar motion to hold: the velocity magnitude must
be constant along a vortex line.
Here, adopting an important intrinsic formulation of Marris and
Passman [4], it is established that if a circulation-preserving motion is
complex-lamellar then necessarily the geodesic unit tangent t-ﬁeld is gov-
erned by a privileged nonlinear Heisenberg spin-type equation. On the
other hand, if the motion is such that div t = 0 then it is shown that again a
privileged Heisenberg spin equation results for the t-ﬁeld. Indeed, remark-
ably, in that case one obtains the integrable Heisenberg spin equation
which is known to be equivalent to the solitonic nonlinear Schro¨dinger
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equation. It is recalled that the latter has been derived by Hasimoto [5]
in non-steady hydrodynamics in an approximation to the motion of an
inextensible vortex ﬁlament in an unbounded medium. The components
of the nonlinear Schro¨dinger equation in that context describe the tempo-
ral evolution of the curvature and torsion of the vortex ﬁlament and were
originally set down by Da Rios [6] in 1906. These and subsequent results
by Da Rios on what is essentially the localised induction approximation
(LIA) were subsequently collected in a survey by Levi-Civita [7]. The redis-
covery of the work of Da Rios, a student of Levi-Civita, has an interesting
history recounted by Ricca [8]. In recent work, the nonlinear Schro¨dinger
equation has been derived for certain capillarity models [9]. The intrin-
sic geometry of the nonlinear Schro¨dinger equation and its auto-Ba¨cklund
transformation have been described in [10].
It is remarked that the analysis presented here is valid “mutatis mutandis”
for the magneto-hydrostatics system wherein the magnetic ﬁeld lines are
geodesics on the surfaces containing the current density vector and mag-
netic ﬁeld lines.
2. THE INTRINSIC DESCRIPTION
In order to establish our connection between classical hydrodynamics and
Heisenberg spin-type equations, we adopt an intrinsic formulation with its
roots in the work of the geometer Vranceanu [11]. Thus, a characterisation
of a three-dimensional vector ﬁeld f in terms of anholonomic coordinates,
as introduced by Vranceanu, was subsequently employed to derive kine-
matic properties in hydrodynamics by Marris and Passman [4]. Therein, the
orthonormal basis tn b is introduced along the tangent, principal nor-
mal, and binormal directions to the vector lines of non-vanishing f . The
linear system governing the intrinsic derivatives of the orthonormal triad
may then be shown to be
δ
δs

 tn
b

=

 0 κ 0−κ 0 τ
0 −τ 0



 tn
b


δ
δn

 tn
b

=

 0 θns 	b + τ−θns 0 −div b
−	b + τ div b 0



 tn
b


δ
δb

 tn
b

=

 0 −	n + τ θbs	n + τ 0 κ+ divn
−θbs −κ+ divn 0



 tn
b

 
(2.1)
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Here and in the sequel, we shall call upon results set down by Marris and
Passman [4] in order to derive privileged Heisenberg spin-type equations in
a hydrodynamic context. The notation of [4] is adopted throughout so that,
in particular, δ/δs δ/δn, and δ/δb denote directional derivatives in the
tangential, principal normal, and binormal directions, respectively. Thus,
(2.1)1 represents the usual Serret–Frenet relations while (2.1)23 provide
the directional derivatives of the orthonormal triad tn b in the n- and
b-directions, respectively. Accordingly,
grad = ∇ = t δ
δs
+ n δ
δn
+ b δ
δb
 (2.2)
while θns and θbs are geometric quantities originally introduced by
Bjørgum [12] via
θns = n ·
δt
δn
 θbs = b ·
δt
δb
(2.3)
so, that
div t = ∇ · t =
(
t
δ
δs
+ n δ
δn
+ b δ
δb
)
· t = θns + θbs (2.4)
and similarly,
divn= ∇ · n = −κ+ b · δn
δb
div b= ∇ · b = −b · δn
δn

(2.5)
Moreover,
curl t =
(
t × δ
δs
+ n× δ
δn
+ b× δ
δb
)
t = 	st + κb (2.6)
where
	s = t · curl t = b ·
δt
δn
− n · δt
δb
(2.7)
is called the abnormality of the t-ﬁeld. The relation (2.6) is of consider-
able importance. It was originally obtained in 1927 by Masotti [13] and
rediscovered independently by Emde [14] and Bjørgum [12].
In a similar manner, we obtain the companion results [4]
curl n = −div bt +	nn+ θnsb (2.8)
where
	n = n · curl n = t ·
δn
δb
− τ (2.9)
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and
curl b = κ+ divnt − θbsn+	bb (2.10)
where
	b = b · curl b = −τ − t ·
δb
δn
 (2.11)
Addition of the abnormalities 	s	n, and 	b as given by (2.7), (2.9), and
(2.11) produces the relation
	s +	n +	b = 2	s − τ (2.12)
This result appears in another guise in the treatise of Weatherburn [15].
Therein, 	s	n, and 	b are termed the total moments of the tn, and b
congruences, respectively. It is recorded by Weatherburn that the relation
(2.12) incorporates important theorems as corollaries, including Dupin’s
theorem which states that the curves of intersection of the surfaces of a
triply orthogonal system are lines of curvature on these surfaces.
The identity curl gradϕ = 0 yields
δϕ
δs
curl t + grad δϕ
δs
× t+ δϕ
δn
curl n+ grad δϕ
δn
× n
+ δϕ
δb
curl b+ grad δϕ
δb
× b = 0
(2.13)
whence(
δ2ϕ
δnδb
− δ
2ϕ
δbδn
)
t +
(
δ2ϕ
δbδs
− δ
2ϕ
δsδb
)
n+
(
δ2ϕ
δsδn
− δ
2ϕ
δnδs
)
b
+ δϕ
δs
curl t + δϕ
δn
curl n+ δϕ
δb
curl b = 0
(2.14)
where the convention
δ2ϕ
δαδβ
= δ
δα
(
δϕ
δβ
)
(2.15)
has been adopted. On use of the relations (2.6), (2.8), and (2.10) in (2.14),
it follows that [4]
δ2ϕ
δnδb
− δ
2ϕ
δbδn
=−δϕ
δs
	s +
δϕ
δn
div b− δϕ
δb
κ+ divn
δ2ϕ
δbδs
− δ
2ϕ
δsδb
=−δϕ
δn
	n +
δϕ
δb
θbs
δ2ϕ
δsδn
− δ
2ϕ
δnδs
=−δϕ
δs
κ− δϕ
δn
θns −
δϕ
δb
	b
(2.16)
These relations are crucial in the sequel.
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3. THE CASE 	n = 0
It will be seen that both complex-lamellar motions and those for which
the velocity magnitude is constant along streamlines imply the constraint
	n = n · curl n = 0 (3.1)
This purely geometric condition guarantees that there exist functions  and
ψ such that
n = ψ∇ (3.2)
Consequently, the tangent planes to the surfaces  = const are spanned by
the unit tangent t and the binormal b; that is,
t · ∇ = 0 b · ∇ = 0 (3.3)
Moreover, since n is parallel to the normal to the surfaces  = const, the
vector lines of t (commonly termed s-lines) constitute geodesics on these
surfaces. Accordingly, the vector lines of b (the b-lines) are necessarily
parallels on the surfaces  = const [15].
If the s-lines and b-lines are taken as parametric curves on the surfaces
 = const then the surface metric of any particular surface  = c0 may be
brought into the form
I0 = ds2 + gs bdb2 (3.4)
and the two-parameter surface gradient for  = c0 is given by
grad0 = t
δ
δs
+ b δ
δb
= t ∂
∂s
+ b
g1/2
∂
∂b
 (3.5)
Accordingly, the Gauß–Weingarten equations for the surface  = c0,
namely (2.1)13, read [4]
∂
∂s

 tn
b

=

 0 κ 0−κ 0 τ
0 −τ 0



 tn
b


1
g1/2
∂
∂b

 tn
b

=

 0 −τ θbsτ 0 κ+ divn
−θbs −κ+ divn 0



 tn
b

 
(3.6)
Moreover, if r denotes the position vector to the surface then
∂r
∂s
= t ∂r
∂b
= g1/2b (3.7)
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and compatibility requires that the geodesic t-ﬁeld satisﬁes the Heisenberg
spin-type equation
∂t
∂b
= ∂
∂s
(
ht × ∂t
∂s
)
 h = g
1/2
κ
(3.8)
since
κb = t × ∂t
∂s
 (3.9)
This observation concerning the natural occurrence of an Heisenberg spin-
type equation in the intrinsic system (3.6) appears to be new and provides
the motivation for our subsequent discussion. Importantly, if
g1/2 = νκ ∂ν
∂s
= 0 (3.10)
then the function ν may be absorbed into the coordinate b and the inte-
grable Heisenberg spin equation
∂t
∂b
= t × ∂
2t
∂s2
(3.11)
is obtained.
The linear system (3.6), (3.7) implies that
1
g1/2
∂2r
∂b∂s
= −τn+ θbsb (3.12)
and
∂2r
∂s∂b
= −g1/2τn+ ∂g
1/2
∂s
b (3.13)
Thus, we retrieve the important relation [4]
θbs =
∂
∂s
ln g1/2 (3.14)
The Gauß–Mainardi–Codazzi equations which constitute the compatibility
conditions for the Gauß–Weingarten equations (3.6) therefore become
g1/2
∂κ
∂b
+ ∂
∂s
gτ = 0
∂τ
∂b
= ∂
∂s
	g1/2κ+ divn
 + κ∂g
1/2
∂s
	κκ+ divn + τ2
g1/2 = ∂
2g1/2
∂s2

(3.15)
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It will be demonstrated in the sequel that the hydrodynamic equations
dictate dramatic reductions in the geometric relation (3.14) in two phys-
ically important situations. In this connection, it is noted that comparison
of the relations (3.10) and (3.14) shows that the integrable Heisenberg spin
equation (3.11) is present if and only if
δκ
δs
= κθbs (3.16)
In that case, the system (3.15) as originally set down in [4] was shown in
[10] to reduce to the nonlinear Schro¨dinger equation.
4. GEODESIC MOTIONS
Here, we consider the classical hydrodynamic system
div q = 0
ρq · ∇q + ∇p = 0
(4.1)
or, equivalently,
div q = 0
ρ× q + ∇
(
p+ ρq
2
2
)
= 0
(4.2)
wherein q is the steady ﬂuid velocity,  = curl q denotes the vorticity, and
p ρ are the pressure and constant density, respectively. The equation of
motion (4.2)2 shows that
 · ∇ = 0 q · ∇ = 0 (4.3)
where
 = p+ ρq
2
2
(4.4)
and the Lamb (Bernoulli) surfaces  = const contain both the vortex and
streamlines. The compatibility condition for (4.2)2 provides the circulation-
preserving condition
curl × q = 0 (4.5)
If we now set q = qt, where t is the unit tangent to the streamline, then
the identity  = q curl t + ∇q× t provides the well-known relation
 = q	st +
δq
δb
n+
(
qκ− δq
δn
)
b (4.6)
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on use of the Masotti–Emde–Bjørgum relation (2.6). The identity
curl × q = q · ∇−  · ∇q − q div+ div q (4.7)
on use of the continuity equation (4.2)1 and the relations (2.1)23, yields
[20]
curl × q=
[
q
δωs
δs
−ωs
δq
δs
− 2κqδq
δb
]
t
+
[
δ
δs
ωnq + qθbsωn +	nωb
]
n
+
[
δ
δs
ωbq + qθnsωb −	bωn
]
b = 0
(4.8)
where we have set
 = ωst +ωnn+ωbb (4.9)
Accordingly, the circulation-preserving condition requires that
q
δ	s
δs
= 2κδq
δb
 q = 0
δ
δs
ωnq + qθbsωn +	nωb = 0
δωb
δs
− θbsωb −	bωn = 0 q = 0
(4.10)
on use of the relation ωs = q	s and of the continuity equation.
Attention is now restricted to geodesic hydrodynamic motions. Thus,
motions are considered in which
δq
δb
= 0 (4.11)
so that
× q = qωbn (4.12)
whence the principal normal to the streamlines is parallel to the normal to
the Lamb surfaces. Accordingly, the streamlines are geodesics on the latter.
The circulation preserving conditions (4.10) reduce, in turn, to
δ	s
δs
= 0
	n = 0 ωb = 0
δωb
δs
− θbsωb = 0
(4.13)
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It is noted that (4.10)1 shows that the condition δ	s/δs = 0 implies
geodesic motion if κ = 0. The observation that the complex-lamellar con-
dition 	s = 0 leads with (4.11) to geodesic motion was made in [2]. In
view of the condition (4.13)2, the relation (3.14) obtains and combination
with (4.13)3 yields as a consequence
δ
δs
(
ωb
g1/2
)
= 0 (4.14)
so that
ωb = λg1/2
δλ
δs
= 0 (4.15)
Evaluation of the identity div = 0 with
 = 	sq +ωbb (4.16)
produces
q
δ	s
δs
+	s div q + div ωbb = 0 (4.17)
whence, in view of (4.13)1 and the continuity equation, it is seen that
div ωbb = 0 (4.18)
But the identity div curl t = 0 together with the Masotti–Emde–Bjørgum
relation shows that
div 	st + κb = 0 (4.19)
or
δ	s
δs
+	s div t + div κb = 0 (4.20)
Combination of (4.15), (4.18), and (4.20) now produces the important new
relation
δ
δb
[
ln
(
λg1/2
κ
)]
= 	s div t
κ
 κ = 0 (4.21)
This suggests the investigation of the two privileged cases, 	s = 0 and
div t = 0.
If the motion is assumed to be complex-lamellar, that is,
q · curl q = 0 (4.22)
then this is equivalent to the vanishing abnormality condition
	s = 0 (4.23)
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in regions excluding stagnation points. The relation (4.21) reduces to
g1/2 = µ
λ
κ (4.24)
where
δλ
δs
= 0 δµ
δb
= 0 (4.25)
But if any particular Lamb surface  = c0 with position vector r is
parametrised in terms of the geodesic coordinate system introduced in
(3.4) then the relations
∂r
∂s
= t (4.26)
and
∂r
∂b
= g1/2b = µ
λ
κb = µ
λ
(
t × ∂t
∂s
)
(4.27)
obtain. However, the function λ may be removed via an appropriate redef-
inition of the coordinate b and the compatibility condition for (4.26) and
(4.27) gives rise to a privileged Heisenberg spin-type equation set down in
the following:
Theorem 1. In steady circulation-preserving hydrodynamic motions sub-
ject to the complex-lamellar condition
	s = 0 (4.28)
the unit tangent t to the streamlines on any particular Lamb surface obeys the
Heisenberg spin-type equation
∂t
∂b
= ∂
∂s
(
µt × ∂t
∂s
)

∂µ
∂b
= 0 (4.29)
where s denotes arc length of the geodesic streamlines and b appropriately
parametrises the vortex lines.
The above Heisenberg spin-type equation is associated with a variant of
the nonlinear Schro¨dinger equation. It has been investigated extensively
when µ is linear in s, in which case it is integrable [16–18].
It is noted that insertion of ωb = qκ− δq/δn into (4.13)3 produces the
relation1
2
q
(
δq
δn
− qκ
)
div t = −
(
δκ
δs
− κθbs +
δ
δn
div t
)
 (4.30)
1In fact, this relation holds in the generic case (cf. (5.4)1).
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Accordingly, if div t = 0 then in the present geodesic motions the integrable
Heisenberg spin equation (3.11) results iff the vorticity  = ωbb adopts the
form
ωb =
q
2
δ
δn
ln div t (4.31)
It is required that the relations
δq
δs
= −q div t δq
δb
= 0 (4.32)
and that for δq/δn as given by (4.30) be compatible. Now,
δ2q
δbδs
− δ
2q
δsδb
= −δq
δn
	n +
δq
δb
θbs (4.33)
whence
δ
δb
div t = 0 (4.34)
The compatibility condition
δ2q
δnδb
− δ
2q
δbδn
= −δq
δs
	s +
δq
δn
div b− δq
δb
κ+ divn (4.35)
yields, on reduction,
div
[(
δκ
δs
− κθbs
)
b
]
+	s
δ
δs
div t = 0 (4.36)
Accordingly, we obtain the important result that reduction to the inte-
grable Heisenberg spin equation (3.11) can only take place for the present
geodesic motions with div t = 0 if either δdiv t/δs = 0 or the complex-
lamellar condition (4.23) applies.
If we proceed with the integrable case, wherein δκ/δs = κθbs then the
last compatibility condition
δ2q
δsδn
− δ
2q
δnδs
= −δq
δs
κ− δq
δn
θns (4.37)
reduces to the requirement
δ2
δnδs
ln div t − κ δ
δs
ln div t − 2 δ
δn
div t = 0 (4.38)
Thus, if δdiv t/δs = 0 then δdiv t/δn = 0 and the relation (4.30) shows
that in the integrable case with div t = 0 necessarily
ωb = qκ−
δq
δn
= 0 (4.39)
which corresponds to Beltrami ﬂows characterised by × q = 0.
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5. THE INTEGRABLE HEISENBERG SPIN EQUATION.
THE CASE div t = 0
Here, we investigate hydrodynamic motions subject to the geometric
restriction
div t = 0 (5.1)
which, by virtue of the continuity equation, implies that
δq
δs
= 0 (5.2)
so that the velocity magnitude is constant along streamlines; no other con-
ditions are imposed.
On use of the continuity equation (4.1)1, the usual intrinsic decomposi-
tion of the equation of motion (4.1)2 yields, in general,
δp
δs
= ρq2 div t δp
δn
= −ρq2κ δp
δb
= 0 (5.3)
where the compatibility conditions for the existence of the pressure p
requires that
2
(
δ
δn
ln q
)
div t=−δκ
δs
+ κθbs −
δ
δn
div t + 2κ div t
2
(
δ
δb
ln q
)
div t=κ	n −
δ
δb
div t
2κ
(
δ
δb
ln q
)
=−div κb −	sdiv t
(5.4)
The relations (5.4) show that, if div t = 0, the hydrodynamic motions are
completely determined by the streamline pattern, a result originally due to
Prim albeit obtained in another manner [19].
If the geometric condition (5.1) applies then the derivative of the velocity
magnitude q in the direction of the principal normal n is undetermined.
This implies that the ﬂow is not completely characterised by its geometry
and is reﬂected by the invariance of the system
δp
δs
= 0 δp
δn
= −ρq2κ δp
δb
= 0 (5.5)
under
p→ Pp q →
√
P ′p q (5.6)
The compatibility conditions (5.4) reduce to
δκ
δs
= κθbs 	n = 0 (5.7)
geodesic hydrodynamic motions 867
and
δ
δb
ln q = − 1
2κ
div κb (5.8)
if κ = 0. The condition (5.7)2 implies that the streamlines and their binor-
mal lines lie on the surfaces p = const. The streamlines form geodesics on
the constant pressure surfaces. The relation (5.7)1, which was also derived
by Marris [20], produces the remarkable result that if div t = 0 then the
geodesic t-ﬁeld satisﬁes the integrable Heisenberg spin equation (3.11).
Finally, compatibility of the relations (5.2) and (5.8) requires that
δ
δs
div κb = 0 (5.9)
or, equivalently,
δ
δs
(
δκ
δb
+ κ div b
)
= 0 (5.10)
whence
δ
δs
div b+ div θbsb = 0 (5.11)
by virtue of (2.16)2 with ϕ = κ. But compatibility of the system (2.1)
produces purely geometric relations [4], two of which are, when 	n = 0
div t = 0,
− δθbs
δb
+ δτ
δn
= κ+ divn	s − 2τ + 2θbsdiv b+ κ	s (5.12)
and
δτ
δn
+ δ
δs
div b = κ	s + θbsdiv b+ κ+ divn	s − 2τ (5.13)
Subtraction of these relations reproduces just the condition (5.11). Thus,
the following result obtains:
Theorem 2. Steady circulation-preserving hydrodynamic motions with
δq
δs
= 0 (5.14)
are governed by the purely geometric system
div t = 0 	n = 0
δκ
δs
= κθbs (5.15)
or, equivalently,
div t = 0 ∂t
∂b
= t × ∂
2t
∂s2
 (5.16)
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In the Heisenberg spin equation (5.16)2, the variable s denotes arc length
of the geodesic streamlines and b appropriately parametrises the associated
orthogonal trajectories ( parallels) on the constant pressure surfaces. The veloc-
ity q = qt and the pressure p are obtained by integration of the compatible
systems
δq
δs
= 0 δ
δb
ln q = − 1
2κ
div κb
δp
δs
= 0 δp
δn
= −ρq2κ δp
δb
= 0
(5.17)
The nonlinear Schro¨dinger equation may be obtained in the following
manner. On elimination of κ+ divn between (3.15)2 and (3.15)3, it is seen
that
∂τ
∂b
= ∂
∂s
[
1
κ
(
∂2g1/2
∂s2
− τ2g1/2
)]
+ κ∂g
1/2
∂s
 (5.18)
If we now introduce g1/2 via (3.10) into (3.15)1 and (5.18) then, on introduc-
tion of the scaling db→ db/ν (which will generally vary with the foliation),
the pair of equations reduces to
∂κ
∂b
=−2τ∂κ
∂s
− κ∂τ
∂s
∂τ
∂b
= ∂
∂s
(
1
κ
∂2κ
∂s2
+ κ
2
2
− τ2
)

(5.19)
These are nothing but the evolution equations obtained by Da Rios for
the curvature and torsion of an inextensible vortex ﬁlament moving in an
unbounded liquid [6]. Therein, these nonlinear equations were derived by
what has come to be known as the localised induction approximation (LIA).
On introduction of the Hasimoto transformation [5]
u = κeiσ σ =
∫ s
s0
τs˜ds˜ (5.20)
the pair of evolution equations may be combined to give
i
∂u
∂b
+ ∂
2u
∂s2
+ 1
2
u2u− T bu = 0 (5.21)
where T is the boundary term
T = 1
κ
∂2κ
∂s2
+ κ
2
2
− τ2
∣∣∣∣
s=s0
 (5.22)
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The replacement
u→ u exp
[
i
∫ b
b0
T b˜db˜
]
(5.23)
in (5.21) now produces the standard NLS equation.
To conclude, the well-known analogy is recalled between the hydrody-
namic system (4.1) and the equilibrium equations of an inﬁnitely conduct-
ing liquid, namely [21]
divH = 0
−µH · ∇H+ ∇ = 0
(5.24)
where H denotes the magnetic ﬁeld, µ is the magnetic permeability, and 
is the total magnetic pressure. The results that have been presented herein
all go over “mutatis mutandis” to the magneto-hydrostatic system (5.24).
In that context, the role of the Lamb surfaces is replaced by the surfaces
containing the current density vector lines and magnetic lines.
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